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Annular spatial filtering is a widely used technique for the generation of non-diffracting beams. 
Combined with a phase modulator, this setup can generate arbitrary non-diffracting beams with 
high power efficiency. Previously, researchers have mainly focused on the generation of a specific 
type of beam (Bessel, Weber). In this study, a method to obtain the optimal setup parameters for 
general non-diffracting beams was introduced. To achieve the balance of efficiency and beam quality, 
appropriate sampling numbers and annular ring size were determined. A simulation, derived from 
the Fourier optics model, was developed to estimate the optimal parameters. The selected ring width 
predicted by the simulation was then verified using experimental results. This investigation develops 
a strategy to improve the quality of various non-diffracting beams in more general applications.
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Генерация высококачественных 
недифрагирующих пучков с использованием 
пространственной фильтрации
© 2020 Г. YING ZHANG, KE FAN, JIANZHONG LOU, YAN WEI

Для генерации недифрагирующих пучков широко применяется кольцевая пространственная 
фильтрация. В сочетании с фазовым модулятором это позволяет генерировать произвольные ти-
пы недифрагирующих пучков с высокой энергетической эффективностью. Ранее исследователи 
в основном фокусировали свое внимание на генерации специфических типов пучков (Бесселя, 
Вебера). В настоящее работе предложен метод получения оптимальных параметров фильтра-
ции для получения недифрагирующих пучков общего вида. Развита теория и проведено числен-
ное моделирование процесса фильтрации, основанное на использовании методов фурье-оптики. 
Определены параметры выборочной совокупности и размеры диафрагмирующего кольца, обе-
спечивающие баланс эффективности преобразования и качества пучков. Определенные таким 
образом параметры были верифицированы с использованием экспериментальных результатов. 
Выполненные исследования позволяют сформировать стратегию улучшения качества недифра-
гирующих пучков общего вида применительно к конкретным приложениям.

Ключевые слова: недифрагирующие пучки, высокое качество, пространственная фильтрация.
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1. INTRODUCTION
Non-diffracting beams (NBs) were first demon-
strated by Durnin [1] as a set of solutions to the 
Helmholtz equation. Theoretically, they have a 
diffraction-free property during propagation. 
NBs have been investigated in various optical 
applications, such as nonlinear optics [2], opti-
cal trapping [3], and holographic lithography 
[4]. Group theory showed that NBs can be sepa-
rated into four different categories [5]: discrete 
non-diffracting beams (DNB) [6], Bessel beams 
[7], Mathieu beams [8], and parabolic beams 
[9]. The distinction between these categories is 
based on the expression of NBs in the Carte-
sian, circular cylindrical, elliptical cylindrical, 
and parabolic cylindrical coordinates. Theoreti-
cally, the electromagnetic field of NBs requires 
infinite energy to have an arbitrary diffraction 
free distance. However, a good approximation 
of NBs could be implemented in practice, un-
der a finite distance and energy [10]. The gen-
eration of approximate NBs can be done using 
two methods: one can construct the NB’s angu-
lar spectrum characteristic in Fourier Optics, or 
directly modulate it on a plane wave. The first 
experimental generation of a J0 Bessel field uti-
lized an annular slit in the front focal plane of a 
positive lens, illuminated by the plane wave [11]. 
By replacing the annular slit with a digital mi-
cromirror device (DMD) [12], the beam spot siz-
es of the Bessel beams could be modified. An ad-
ditional scattering diffuser produced a random 
NB before the annular slit [13]. Spatial light 
modulators (SLM) provide another choice for 
further modulation [14]. However, the beam loss 
through the annular slit aperture results in very 
low energy transmission for this type of meth-
od. Currently, direct modulation still experienc-
es technological constraints, because efficient 
phase and amplitude modulation are difficult to 
achieve simultaneously. The use of a filter with 
the complex-amplitude transmittance of Bessel 
beams was introduced by Durnin [15]. A more 
flexible method is to modulate a plane wave us-
ing binary amplitude-phase hologram [16]. How-
ever, the most common method is to use a refrac-
tive element with a conical surface, known as an 
axicon [17], which can produce a ring after the 
Fourier transforms, to form an approximation 
of the J0 Bessel field [7, 18]. It was also report-
ed that by using different illumination strate-
gies, higher-order Bessel fields can still be pro-

duced with an axicon [19]. Diffractive axicons 
are widely used for their flexibility in terms of 
the selection of optical elements, such as SLMs 
[20–22], waveguides [23], DMDs [24], and seg-
mented deformable mirrors [25]. With a dif-
fractive axicon, the random generation effi-
ciency is significantly increased for any ran-
dom NB patterns [26]. When using an axicon, 
further modulation is typically in the Fourier 
domain adjacent to the annular ring. Howev-
er, the precision of modulation is very restrict-
ed due to the conflict between the thin width 
of the ring and the resolution of the optical el-
ements. An alternative solution is to modu-
late the phase of the desired field with the an-
nular slit. Other studies have shown that this 
setup can efficiently generate arbitrary limit-
ed distance NBs [27, 28]. However, a difference 
in the width of the annular ring will influence 
the quality and energy transmittance of the 
beam [29].

In this paper, we further investigated the in-
fluence of the ring shape and parameter choice 
for arbitrary NBs. Furthermore, a simulation 
model based on Fourier optics, was developed 
to optimize the parameter selection. Finally, 
a phase-only SLM and annular rings of differ-
ent sizes were used to build an optical setup for 
experimental and verification purposes. The ex-
perimental measurements were compared to the 
theory to verify the analysis.

2. THEORETICAL ANALYSIS
NBs have the distinctive feature of an in-
variant transverse profile during propaga-
tion. The light field of NBs can be expressed 
as E(r, z) = (r)exp(ikzz), where the transverse 
field is independent of the propagation direc-
tion z.

In the Whittaker integral form, the light 
field of non-diffracting beams can be defined us-
ing circular cylindrical coordinates
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He re, kz and kt are the longitudinal and trans-
verse components of wave numbers, respec-
tively, which can be expressed as k2 = kz

2 + kt
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r and  are the radial and azimuthal spatial 
transverse coordinates, respectively. A() is the 
angular spectrum function and can be dis-
cretized with Dirac delta function as
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where an and bn are the amplitude and phase pa-
rameters of plane waves in the frequency do-
main, respectively. A light field can be compre-
hended as an interference field of those plane 
waves.  is the Dirac delta function, n = 2n/N. 
N is the number of plane waves, also called 
the sampling number. Substituting Eq. (2) into 
Eq. (1)
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which is a linear combination of plane waves 
with arbitrary coefficients. All NBs can be gen-
erated by different an, bn, N and kt, including the 
four fundamental categories outlined in Eq. (3). 
The kt in Eq. (3) determines the transverse scale 
of an NB. The choice of N is dependent on the re-
construction requirement of the sampling num-
ber for A(), and an, bn determine the chosen A() 
function. For example, a simple DNB can be con-
sidered as an interference of the light fields of 
plane waves, set with an = 1, bn = 1 and vary-
ing N.

In this paper, the beam generation setup used 
a phase-only modulator associated with an annu-
lar slit, which is shown in Fig. 1a. The accurate 

phase of the chosen NB was applied to the SLM. 
Between the two lenses, the annular slit was 
used as a bandpass filter. The charge-coupled de-
vice (CCD) camera was placed in the focal plane 
to capture the NB transverse profile. A Fourier 
optics approach was applied for the numeri-
cal calculations. The simulation assumed that 
the initial light field profile was a collimated 
beam. It was first modulated by the SLM, which 
multiplied the phase of the given NB profile. A 
Fourier transform was used to simulate the fo-
cal plane after lens L1. The annular ring mask 
was considered an aperture, and only allowed 
light to pass through the ring slit, which can 
be seen as a binary bandpass filter. The output 
beam, after lens L2, could be achieved using 
an inverse Fourier transform. The generated 
NBs could be obtained after the inverse Fourier 
transform function was applied to the filtered 
beam.

Therefore, the light field on the SLM could 
be defined as E0 = E(r, )/|E(r, )|, which is the 
phase-only modulation on a uniformly illumi-
nated beam. The field on the focal plane of lens 
L1 is the Fourier transform of E0(r, ), which 
can be evaluated as:

 1 1 1 0( , ) ( , ) [ ( , )],E r f S f E rθ λ ρ φ λ θ= = F  (4)

where F denotes the Fourier transform operation, 
 and  are spatial frequencies in polar coordi-
nates, respectively, f1 is the focal length of lens L1, 
and λ is the wave length of the laser beam. If the 
ring mask is considered as a "no edge diffraction" 
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Fig. 1. Core parts of the optical system. (a) Schematic of a 4-f spatial filtering optical system used to generate 
NBs. This system includes a collimating laser source (405 nm), an SLM, an input lens of filter stage (L1 with 
focal distance f1), a ring mask (R) set on the Fourier plane of L1, and a CCD, which is a camera placed at the 
output of the 4f system. (b) Schematic of the circular mask at the entrance of the 4f system. The shadow sec-
tion of the image represents the area where the light is blocked.



Том 87,  №  6  /Июнь 2020/  Оптический журнал12

filter, it can be expressed as a spatial filtering 
function
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where R and W represent the radius and the 
width of the ring slit, respectively (Fig. 1b). At 
the detection plane of the CCD, the output light 
field can be written as
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where E2(r, ) is the light field on the focal length 
of L2, F–1 denotes the inverse Fourier trans-
form, and f2 is the focal length of lens L2.

3. SIMULATIONS AND EXPERIMENTS

3.1. Upper boundary of sampling number N
The diversity of NBs is dependent on the angu-
lar spectrum function A() in Eq. (2). The finite-
ness, resolution, and size of the SLM limited the 
representation capability of the whole system. 
This led to an upper boundary Nmax of the sam-
pling number N in Eq. (2). From a Fourier optics 
point of view, it is possible to approximate a rea-
sonable Nmax. The time-spatial transformation 
denotes the relationship between the frequency 
resolution pf and the sampling rate of the 
SLM fs.

 
1 .sff

M pM
Δ = =

Δ
 (7)

Here, the sampling rate can be calculated 
based on the SLM’s pixel size, which is fs = 1/
p. M is the pixel number of the light field, 
which is also dependent of the SLM. Accord-
ing to the transformation between the coordi-
nates on the focal plane of L1 and the frequen-
cy domain of the light field, the resolution pf 
at the focal plane of L1 can be expressed as 
follows:

 1 .fp f fλΔ = Δ  (8)

However, the radius of the focused ring at L1 
can be expressed as:

 1,
t

R f
λ
λ

=  (9)

where the transverse components of wavelength 
t = 2/kt. Therefore, the theoretical Nmax is 
equal to the sampling size on the entire ring, 
which is
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It is important to note that Nmax is only related 
to the size of the SLM and the chosen kt. A larg-
er SLM size can provide a higher sampling rate 
on the angular spectrum function A().

3.2. The choice of ring mask parameters
The radius and width of the Durning ring are 
additional essential factors which influence the 
generation quality of this setup. A structural 
similarity (SSIM) index, which is a method for 
image quality evaluation, was applied to quanti-
fy the effects of different parameters. SSIM in-
dex is a perceptual metric that quantifies image 
quality, which is based on visible structures in 
the image [30]. Before computing the SSIM, all 
light intensity was normalized to the [0, 1] range 
for comparison. For the general case where the 
input of the SLM is uniformly illuminated, the 
simulation was performed using the fast Fourier 
transform algorithm. The SLM parameters were 
set with a 600600 pixels number and 2020 m 
pixel size to meet the practical needs. The focal 
length of L1 was 0.5 m and the wavelength λ of 
the light was 405 nm. 

The four categories of NBs in four different 
t setups were respectively tested to estimate 
the relation between ring width and NB qual-
ity (shown in Fig. 2). Each type had 20 subjects, 
which resulted in a 0–20 order Bessel beam, 
0–20 order Mathieu beam with a random ellip-
ticity parameter, 20 Weber beams with a ran-
dom parameter, and 20 DNBs with different N. 
Additionally, 50 NBs with random a and b were 
used to test the general case. In the simulation 
results, the different types of beams behaved 
differently when the width of ring changed. 
However, all types reached an optimal width 
of approximately 0.040 mm. The scale was 
similar to the size of an Airy disk, which was 
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0.042 mm in this setup. To further investigate 
a general optimal width for arbitrary NBs, the 
mean and standard deviation of all similarity 
were plotted in Fig. 3. The optimal ring width to 
be adopted was in the range of 0.0300.050 mm, 
from the most similarity and smallest diversity. 
Considering the influence of noise, the radius 
had no significant effect on the ring width selec-
tion.

Compared to Durnin’s technique, one advan-
tage of the 4-f optical system is the effective 
utilization of laser power. This will be benefi-
cial to many optical applications, such as, opti-
cal trapping, holographic lithography, etc. The 
influence of different ring widths on the optical 
power are presented in Fig. 4. The utilization is 
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Fig. 2. SSIM index on generated NBs for different ring widths.
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defined as the ratio between the output power 
|E2|2 and input power |E0|2.

In Fig. 4, the average value of the remain-
ing power ratio of NBs is displayed for different 
ring widths. The utilization had a slight differ-
ence for different NB types. However, when the 
width reached 0.050 mm in the optimal range, 
the efficiency became steadily larger than 60%. 
While the width of the ring reached 0.1 mm, the 
curve became flatter, and the remaining power 
ratio of the NBs was more than 60%.

3.3. Optical experiments
For the verification of the above simulation of 
the ring width optimization, two differently 
sized rings were applied. The experimental set-
up is shown in Fig. 5. Light from a He-Ne laser 

source (500 mW, 405 nm) was reduced through 
neutral-density filters (Thorlabs) and collimated 
by lenses (f = 50 mm and f = 400 mm) and iris-
es (Edmund 35110). A phase-only SLM (HAMA-
MATSU, LCOS-SLM X10468-01, reflective) was 
illuminated by the collimated light. The SLM 
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pixel size was 2020 m2 and the resolution was 
800600 pixels. A positive lens L1 (f1 = 500 mm) 
was placed after the SLM to obtain a frequen-
cy light field. Customized radius of 0.925 mm 
was selected, with two different widths (50 m 
and 150 m). The output profile was moni-
tored by a CCD camera (PCO, Pixelfly USB, 
13921040 pixels) after lens L2 (f2 = 250 mm).

In the experiments, we demonstrated three 
examples of typical generated NBs, which were 
zero-order Bessel beams, 10-order even Mathieu 
beams, and even Weber beams. For the zero-or-
der Bessel beam, the coefficients an and bn were 
set to 1 and 0, respectively. For the Mathieu 
beam, the order m = 10 and the ellipticity pa-
rameter q = 30, in the angular spectrum formula

 ( ) ( , ).mA ce qφ φ=  (11)

The Weber beam used the angular spectrum 
formula
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22
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where a = 2. For both types, N was set to 
Nmax = 377, to maximize the representation ca-
pability.

All captured images were normalized, based 
on the maximum intensity. The experimental re-
sults are displayed in Fig. 6. The simulation and 
experimental measurements were nearly identi-
cal at the center, however, there is a noticeable 
intensity difference near the image edge. This 
intensity variation may be caused by the light 
source in the experimental setup, which was not 
an ideal plane wave. All numerical and experi-
mental results confirmed that the image quali-
ties were higher at a 50 m ring width, regard-
less of the NB type. This observation is subject 
to the simulation analysis of the ring width 
choice. As the ring width increased, the inten-
sity of the side lobe increased, which influenced 
the image’s similarity to the ideal NBs.

Quantitative measurements on the SSIM 
(shown in Fig. 7) verified the observation that 
the image quality decreased when the ring 
width selection was out of the optimal range 
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Fig. 6. Simulated and experimental images of Bessel, Mathieu, and Weber beams. The size of the patterns de-
tected by the CCD was 1.5 mm.
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in the simulation. Based on the simulated im-
age size, the photographs taken by the camera 
were resized using bilinear interpolation in the 
OpenCV package. We have observed that the ex-
perimental results sometimes vary in terms of 
quality and similarity. This is most likely due 
to the pixelization of the ring mask, which may 
introduce an error to the smooth real scenario. 
However, this did not influence the strategy for 
the selection of the parameters.

The optimized optical system can produce 
various high-quality high-power NBs, which 
are directly implemented in optical applica-
tions. For example, the setup can generate 
multi-beam interference patterns for lithog-
raphy [4], which are shown in Fig. 8a. The con-
tinuous Weber beam pattern can be designed to 
manipulate micro-particles, similar to a previ-
ous study [31], as shown in Fig. 8b. Moreover, 
the setup easily produces random NB patterns 
[26], which may attract considerable research 
interest in the field of information encryption 
(Fig. 8c).
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Fig. 8. Simulated examples for real applications. (a) 
Multi-beam interference pattern, (b) continuous 
Weber beam pattern, and (c) random NB pattern.

Fig. 7. SSIM index of the simulated and experimen-
tal results for different ring widths.
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4. CONCLUSION
In order to achieve a balance between flexibility 
and efficiency in the generation of arbitrary NBs, 
we have built an optical setup using a Durnin ring 
with a phase-only SLM. A model of the angular 
spectrum function was built to estimate the up-
per boundary of the sampling rate. A simulation 
method, based on Fourier optics, was developed 
to study the relationship between the beam qual-
ity and parameters. This relationship was mea-
sured using an image similarity SSIM. All the nu-
merical calculations were verified using an exper-
iment optical setup. The experiments proved that 
the optimal ring width range can be effectively es-
timated by the simulation method. We believe that 
this method of optimal parameter suggestion can 
assist with the implementation of non-diffracting 
beams in general applications.
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