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The pinhole imaging model assumes that all the projecting rays intersect at the effective pinhole 
point. The restriction of this camera model will result in the low accuracy of vision-based pose 
estimation. Furthermore, the camera calibration gets the global optimal solution of intrinsic and 
extrinsic parameters, which will affect the calibration accuracy of intrinsic parameters and then 
pose estimation accuracy is also affected. In this paper we completed the pose estimation with 
four coplanar feature points via incident-ray-based camera model. Two parallel planes are used to 
perform the ray-pixel mapping. The projecting ray could be defined by its two intersections with 
the two planes. In this way, the camera is parametrized by the image plane and the two parallel 
planes. Based on this camera model, through four coplanar feature points, the object pose could 
be estimated. The whole process consists of both non-iterative step and iterative step. In the  
non-iterative step, the initial estimating of pose is obtained and then it is refined in the iterative step. 
Experiments results on pose estimation by the algorithm proposed and the other existing algorithms 
demonstrate the superiority of our algorithm. 
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OCIS codes: 150.0150, 150.1135, 100.0100. 

Алгоритм оценки положения тела на основе 
визуальных данных с четырьмя копланарными 
характерными точками с помощью модели 
отслеживания падающих лучей
© 2021 г.	 Zhang Zimiao, Wang Zhiwu, Zhang Shihai, Fu Anqi

Получение изображений посредством точечного отверстия предполагает, что все проецируе-
мые лучи пересекаются в нём. Это ограничение приводит к низкой точности оценки положения 
тела на основе визуальных данных. Кроме того, калибровка камеры позволяет получить лишь 
глобальное оптимальное решение для совокупности внутренних и внешних параметров, что за-
трудняет точную калибровку внутренних параметров, а затем и точность оценки положения те-
ла. Предложен алгоритм оценки позиции с четырьмя копланарными характерными точками с 
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помощью модели отслеживания падающих лучей. Две параллельные плоскости используются 
для отображения массива лучей и соответствующих им пикселов. Проектирующий луч опреде-
ляется по координатам его пересечений с двумя плоскостями. Таким образом, камера параме-
тризуется плоскостью изображения и двумя параллельными плоскостями. На основе этой мо-
дели по четырём компланарным характерным точкам можно оценить позицию объекта. Весь 
процесс состоит из неитеративного и итеративных шагов. На неитеративном шаге получается 
начальная оценка позиции, а затем она уточняется на итеративном шаге. Результаты экспери-
ментов по оцениванию позиции предложенным алгоритмом и другими существующими алго-
ритмами демонстрируют превосходство нашего алгоритма.

Ключевые слова: оценка положения тела, модели отслеживания падающих лучей, две парал-
лельные плоскости, компланарные характерные точки.

1. INTRODUCTION
The vision-based pose estimation is non-contact 
with the measured object and little influenced 
by the harsh application environments. It could 
also be applied in a high dynamic environment, 
so with the rapid development of modern indus-
try, the vision-based pose estimation technology 
has been widely used, such as space rendezvous 
and docking [1], unmanned aerial vehicle (UAV) 
pose estimation and control [2], helmet aiming 
display system [3], industrial robot control [4], 
roadheader pose measurement [5], etc.

As to the vision-based pose estimation, usu-
ally some feature points are used. Both the world 
coordinates and image coordinates of feature 
points are known quantity. This kind of methods 
uses the camera to establish the measurement 
coordinate system and the camera captures the 
images of feature points. 

Then object pose relative to measurement co-
ordinate system is solved. The vision-based pose 
estimation is also called the perspective-n-point 
(PnP) problem. When n is less than or equal 
to 3, feature points is not enough, resulting in 
multiple solutions, so n is usually greater than 
or equal to 4. When n ≥ 5, the PnP problem can 
be converted to the direct linear transformation 
(DLT) problem [6, 7]. 

Duan et al. [8] proposed a linear algorithm 
using the trapezoid corner points. The parallel 
constraint of trapezoid was introduced. Lepetit et 
al. [9] proposed the EPnP algorithm. It expresses 
feature points coordinates with four virtual con-
trol points coordinates. This converts estimating 
feature points camera coordinates to estimating 
virtual control points camera coordinates. Hu et 
al. [10] proposed an algorithm for linearly solving 
the object pose based on the four corner points 

of the parallelogram. These algorithms belong 
to non-iterative algorithms. They obtain closed-
form solutions. The calculation cost of non-iter-
ative algorithms is less and the corresponding 
calculation speed is faster. The non-iterative al-
gorithms could achieve high precision only when 
the imaging points of feature points could be ac-
curately extracted from the image.

The iterative algorithms get higher accuracy 
in comparison with the non-iterative algorithms. 
Zhang method with chessboard is famous [11]. 
It is based on the pinhole imaging method.  
To complete the pose estimation, usually there 
are many coplanar feature points on the target. 
The translation and rotation matrix of target rel-
ative to the camera could be solved. The number 
of points is great and the amount of calculation 
is large. Large number of feature points result 
in the decrease of efficiency. At the same time, 
as to iterative algorithms, a proper initial esti-
mation is required. If the iterative algorithms 
are not well initialized, they will fail or be more 
time-consuming. Usually, the two kinds of algo-
rithms are combined and the result of non-iter-
ative algorithm is set as the initial estimation 
of iterative algorithm. The number of feature 
points could also be reduced. Four feature points 
is enough to solve the object pose based on the 
geometric constraints of feature points. 

Zhang et al. [12] solve the object pose based 
on the spatial geometrical constraints (includ-
ing length, angle, and non-coplanar constraints) 
of the four non-coplanar feature points. The ac-
curacy and convergence speed could be guaran-
teed through the weak-perspective projection  
in this algorithm. Zhang et al. [13] combined 
affine invariants and the geometric constra- 
ints. Then a two-step pose solution is obtained.  
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Chen et al. [14] proposed IEPnP algorithm. 
IEPnP algorithm retains the main idea of the 
EPnP algorithm. It uses the weak perspective 
projection model to obtain the initial coordi-
nates of the virtual control points in the camera 
coordinate system. Then the coordinates of the 
virtual control point in the camera coordinate 
system are optimized with the Gauss–Newton 
method. DeMenthon et al. [15–17] proposed 
POSIT algorithm. The POSIT algorithm is now 
the inner function of OpenCV and widely used. 
When using the POSIT algorithm, Sun [18] et al. 
reduce the measurement error of pose estima-
tion through global control points calibration. 
Zhang et al. [19] obtain the two-step pose esti-
mation algorithm using four coplanar feature 
points. The four points form a trapezoid and the 
corresponding affine invariants are used. 

The camera model is crucial to pose estima-
tion. The above algorithms are based on the 
pinhole imaging model [20, 21]. It assumes that 
all the projecting rays intersect at a single view 
point (the effective pinhole point). However, this 
is not true in the process of pose estimation. 
The practical camera lenses system is a complex 
assembly of multiple lenses, and the project-
ing rays may not meet at a single effective view 
point [22]. Furthermore, the camera calibra-
tion gets the global optimal solution of intrin-
sic and extrinsic parameters, which will affect 
the calibration accuracy of intrinsic parameters 
and then pose estimation accuracy is affected. 
These factors will result in the low accuracy. 
So many researches have been done in recent 
years. A general camera imaging model is pro-
posed [23–26]. These methods are discrete and 
nonparametric. They perform mapping from 
incident rays to pixels. The concept of “raxel” 
is proposed to express this mapping [27]. This 
mapping is just a linear mapping and the cali-
bration process is complicated, which requires 
binary coding patterns and high precision turn-
table. A perspective-ray-based camera model 
which include both non-iterative parts and it-
erative parts is presented [28–30]. However, the 
camera calibration algorithm presented relies 
on minimization of the constraints. It is done 
using classical optimization methods. However, 
this calibration process requires a good enough 
initialization, and there is no provision for it. It 
is essential because local optimization method 
cannot find a global minimum of a function.

Based on the discussion above, we proposed 
the pose estimation algorithm with four copla-
nar feature points via an incident-ray-based cam-
era model. Two parallel planes are used to per-
form the mapping from the incident rays to the 
image plane. Each projecting ray corresponds 
to a pixel on the image plane. It intersects the 
two parallel planes at two points. The project-
ing ray could be determined by the two points. 
From this we established the mapping relation 
of the image plane and the two parallel planes. 
We perform the calibration of the mapping re-
lation with non-iterative process and iterative 
process. The pose estimation is completed using 
four feature points. The projecting rays are ap-
plied to express the feature points geometrical 
constraints. The scaled orthographic projection 
approximates the perspective projection. The 
feature points world coordinates are solved lin-
early. These are the initial estimating of feature 
points coordinates. These initial estimating are 
refined using the Levenberg Marquet (LM) op-
timization method. The object pose could be fi-
nally solved.

The remaining parts of the paper are formed 
as below. In section 2, an incident-ray-based 
camera model is proposed. In section 3, the ob-
ject pose is solved based on this incident-ray-
based camera model. In section 4, some experi-
ments are provided to examine the algorithm. 
Section 5 makes conclusions.

2. INCIDENT-RAY-BASED CAMERA MODEL 
USING TWO PARALLEL PLANES
A general camera imaging model usually per-
forms the mapping from rays in 3D space to pix-
els as shown in Fig. 1. 

Pixels
on the image detector

Rays
in the 3D world space 

Fig. 1. The mapping between the rays and pixels.
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We perform this mapping using two paral-
lel planes as shown in Fig. 2. Ωs and Ωt are the 
two parallel planes. The rays in the 3D space 
are directed by the imaging system to its photo-
sensitive elements (pixels). Each projecting ray 
intersects the planes Ωs and Ωt at two points. For 
example, ri intersects Ωs and Ωt at s

iP  and .t
iP  

Ωuv is the image plane. im
iP  is the correspond-

ing image point on the image plane. im
uviP  is the 

image coordinates of .im
iP  Ow-XwYwZw repre-

sents the world coordinate system. It could be 

established by plane Ωt. 
s

wiP  is the world coordi-
nates of .s

iP  t
wiP  is the world coordinates of .t

iP  
zwi of t

wiP  is 0. zwi of s
wiP  is d. The expression  

of the projecting ray ri in the world coordi-
nate system could be obtained under the con-
dition of knowing s

wiP  and .t
wiP  Through 

each projecting ray, Pim iand Ps i estab-
lish the one-to-one correspondence. im

iP  and 
t

iP  also establish the one-to-one correspon- 
dence.

The mapping relation of im
iP  with the co-

ordinates ( ), ,im
uvi i iP u v  s

iP  with the coordinates 
( , , )s

wi wi wiP X Y d   and that of im
iP  with the co-

ordinates ( ), ,im
uvi i iP u v  t

iP  with the coordinates 
 0( , , )t

wi wi wiP X Y  could be expressed accord-
ing to space mapping relation. The following 
takes im

iP  and t
iP  as the example to intro-

duce the calibration process of this mapping  
relation. 

The ideal image coordinates of calibration 
feature points are ( ),im

uvi i iP u v  and the coordi-
nates of their intersections with plane Ωt in 
the world coordinate system Ow-XwYwZw are 

 0( , , ).t
wi wi wiP X Y  The mapping relation of im

uviP  
and t

wiP  is shown in Eq. (1).

	
1 2 3

4 5 6

7 81 1 1
.

i wi

i wi

u t t t X

tt v t t t Y

t t

     
     
     =     
     
     

	  (1)

Then the calibration equations could be ex-
pressed with Eq. (2). The least square method 
could be used to solve Eq. (2).

The imaging system

Ωs

Ωt

ir

im
iP

0wZ

t
iP

Ωuv

Ow

Xw

Yw
Zw

wZ   = d

0w =

s
iP

The lens 
system

=

Fig. 2. Perform the mapping between the rays 
and points on the image plane using two parallel  
planes.
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(2)

The calculation process of this model is sim-
ple and fast, but it also has two disadvantages: 
First, there is no correction for lens distortion. 
Second, there is only a non-iterative process, 
which is difficult to achieve constraints espe-
cially when there is noise during image process-
ing. This has a great influence on the accuracy 

of the solution, so the iterative process is intro-
duced as shown below.

For the correction of lens distortion prob-
lem, the ideal image coordinates of im

iP  are 
( ), .im

uvi i iP u v  The actual image coordinates of 
im

iP   are ( ), .im
uvdi di diP u v  It is obtained through 

image processing. The ideal image coordinates 
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( ),im
uvi i iP u v  and the actual image coordinates ( ),im

uvdi di iP u vd  could be expressed with Eq. (3). mi and li 
(i = 0, 1, 2, …, 9) are the coefficients. 

0 1 2 3 4 5 6 7 8 9

0 1 2 3 4 5 6 7 8 9

2 2 4 4 3 2 2 3 5 5

0 0
0 0

1 .

i

i
T

di di di di di di di di di di di di di di di di

u m m m m m m m m m m

v l l l l l l l l l l

u v u v u v u v u v u v u v u v

   
   = ×      

 ×  

                 (3)

Then Eq. (4) could be obtained.

2 4 2
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                          (4)

Both Eq. (1) and Eq. (3) constitute the space 
mapping model of im

iP  and .t
iP  This model in-

cluding two parts parameters: the linear trans-
formation parameters and lens distortion cor-
rection parameters. Eq. (2) and Eq. (4) constitute 
the corresponding calibration equations for the 
two parts parameters.

The specific calibration steps are as follows:
1. Obtain the actual image coordinates (udi, 

vdi) of the calibration feature points by image 
processing. The world coordinates (Xwi, Ywi, 0) 
of the calibration feature points is known.

2. Substitute (udi, vdi) and (Xwi, Ywi) into the 
Eq. (2) to obtain ti.

3. Use (Xwi, Ywi) and ti to calculate the ideal 
image coordinates (ui, vi) according to Eq. (1).

4. Substitute (udi, vdi) and (ui, vi) into the Eq. 
(4) to obtain li and mi.

5. Substitute (udi, vdi), li and mi into Eq. (3) to 
calculate the corrected image coordinates ,( ).i iu v′ ′

6. The accuracy requirement is set as shown 
in Eq. (5).

	

2 2

1
1

( ) ( )

.
( )

N

i i i i
i

u u v v

N N
δ=

 ′ ′− + −  
<

+

∑
	 (5)

If the results meet the accuracy require-
ments, the calculation process will stop and the 
result is output. Otherwise, update (udi, vdi) with 

,( ),i iu v′ ′  and jump back to the first step. The spe-
cific process is shown below.

3. POSE ESTIMATION BASED ON THE 
INCIDENT-RAY-BASED CAMERA MODEL
Four coplanar feature points form a trapezi-
um with knowing their relative geometry and 
are shown in Fig. 4. P1P2 is parallel to P3P4. 
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The target coordinate system could be con-
structed. Then the coordinates of feature 
points in the target coordinate system could be  
known.

The pose estimation algorithm includes both 
the non-iterative and iterative parts. As to the 
non-iterative parts, a proper initial estimation is 
obtained to ensure the accuracy and efficiency 
of the iterative parts. The scaled orthograph-
ic projection is used to complete this step as 
shown in Fig. 5. Pi is projected to the plane Ωn.  

The plane Ωn is parallel to Ωs and Ωt. P′i is the 
vertical projection point of Pi on the plane Ωn 
and zwi of P′i is d′. Then P′i is projected to the im-
age plane.

P′wi is calculated according to Eq. (6). 

	 ( ) .s t t
wi wi wi wi

d
P P P P

d

′
′ = − + 	  (6)

Obtain the actual 
image coordinates 

(udi, vdi) and the 
coordinates (Xwi, Ywi)  

in the world 
coordinate system 

Use (Xwi, Ywi, 0) and ti to 
calculate the ideal image 

coordinates (ui, vi)

Substitute (udi, vdi) and (ui, vi) 
into the Eq. (4) to obtain the 

values of li and mi

Substitute (udi, vdi), li and mi 
into Eq. (3) to calculate the 

corrected image coordinates 
(u¢i, v¢i)

Meet the accuracy 
requirements

Output result

Y

N

Update (udi, vdi) with 
(u¢i, v¢i)

Substitute (udi, vdi) 
and (Xwi, Ywi) 
into the Eq. (2)

to obtain the value of ti

Fig. 3. The specific calibration steps.

P4

P1

P3

P2

θ

YTarget

OTarget

ZTarget

XTarget

Fig. 4. The target with four coplanar feature points.

Pi
s

Pi
t

Pi
¢

Pi

Zw = d

Zw = 0

Zw = d¢

Xw

Zw Yw

Ow

Fig. 5. The approximation of perspective projection 
using scaled orthographic projection model.
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Then the coefficient κ′i could be calculated ac-
cording to Eq. (7). They are considered as the 
initial estimations.

	

( ) ,

.

s t ti
wi wi wi wi

t s
wi wi

t s
wi wi

P P P P
P P

d
P P

d

κ

κ

′
′ = − +

′
′ =

��������

��������
	  (7)

As shown in Fig. 6, the four feature points 
are projected to the image plane according to 
incident-ray-based camera model using two par-
allel planes proposed in section 2. iq

���
 is the unit 

vector from t
iP  to .s

iP  According to the camera 
model, t

wiP  and s
wiP  are known, so the world co-

ordinates of Pi could be obtained through calcu-
lating coefficients κ i as shown in Eq. (8).

	
,

.

t s
wi wi

i
t s

wi wi

t
wi i i wi

P P
q

P P

P q Pκ

=

= +

��������
���

��������

���
	 (8)

Ptargeti is the coordinates of Pi in the target 
coordinate system. disij is the length of two  

arbitrary feature points. They could be calcu-
lated using Eq. (9).

( ) ( )

22

222

arg arg ,

.

ij t eti t etj

t t
ij wi wj i i j j wj wi

t t t t
i i j j wj wi i i j j wj wi

dis P P

dis P P q q P P

q q P P q q P P

κ κ

κ κ κ κ

����������� ���

�������� ����������� ��� ��� ���

= −

= − = − + =

= − + ⋅ − +

(9) 

P1P2 is parallel to P3P4. The projection 
transformation maintains the length ra-
tio of parallel lines. It could be expressed as  
Eq. (10).

( )
( )

2 2 1 1 1 2
1 2 1 2

4 4 3 3 3 4

1 2

3 4

arg arg

arg arg

/

.
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w w
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P P

P P
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��������������������
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= =
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=
(10)

According to the angle θ shown in Fig. 4,  
Eq. (11) could be obtained.
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P
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Now eight equations about unknown coeffi-
cients κ i are gotten as shown in Eq. (12). The co-
efficients κ′ i obtained in Eq. (7) are considered 
as the initial estimation of κ i. Then according 
to Eq. (12), through the minimization of the 
constraints using the Levenberg−Marquardt al-
gorithm, the values of κ i are refined.
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Fig. 6. The imaging of the four feature points with 
the incident-ray-based camera model.
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4. EXPERIMENT RESULTS
As can be seen from Fig. 7, the experiment sys-
tem contains one rotation and translation stage, 
one CCD camera. 

Usually, the points easy to perform image 
processing and determine the spatial coordi-
nates are selected as the feature points as shown 
in Fig. 8. They include the center point of the 
circular markers, the angular point of square 
markers and the intersection points of the line 
markers. The shape and size of the feature points 
are the same on one target. The image coordi-
nates of feature points on the target are the most 
important input data as shown in equation (1).  
The positioning accuracy of the feature points 
during image processing has a direct impact 
on the pose estimation accuracy. The automatic 
identification of circular makers is more conve-
nient. There are many available algorithms for 
the center positioning of circular makers. The 
sub-pixel center positioning accuracy could be 
easily achieved, so in this paper, the center point 
of the circular markers is selected as the feature 
points.

The camera calibration process is performed 
in Fig. 9. The calibration target in position 1 
is considered as Ωs and the image is captured.  
The calibration target in position 2 is consid-
ered as Ωt and the image is also captured. In this 
way, the two parallel planes Ωs and Ωt could be 
constructed. The world coordinate system Ow-
XwYwZw is constructed through Ωt. With captur-
ing the images of calibration target, the circular 
makers centers are extracted. Then according to 
section 2, the calibration is completed by apply-
ing the two captured images. The mapping rela-
tion of ,i

imP  s
iP  and that of ,i

imP  t
iP  could be 

obtained. By this camera model, using the tar-
get shown in Fig. 4, the target pose is calculated 
according to section 3. 

The pose estimation experiments include the 
experiments based on computer simulation and 
the experiments with real images.Fig. 7. The experiment system.

Fig. 8. The kinds of feature points.
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1. The experiments based  
on computer simulation
In order to verify the accuracy and anti-noise 
performance of the algorithm, a comparison 
with POSIT algorithm using coplanar feature 
points [15], duan algorithm [8] and sun algo-
rithm [24] based on the computer simulation ex-
periments is made. Multiple levels of Gaussian 
noise were added to the image points and then 
test data sets were generated for each noise lev-
el. As illustrated in Fig. 10, the y-axis repre-
sents the relative errors of pose estimation and 
the x-axis represents the noise level. The method 
proposed is more stable and accurate than other 
ones, particularly, when the noise level is higher 
than one pixel. Moreover, along with increasing 
noise disturbance, the errors rise quite slowly. 
The algorithm proposed produces better results 
than the other three algorithms. This behavior 
can be interpreted as following: unlike the non-
iterative algorithm (duan algorithm) which is 
sensitive to the noise, the algorithm proposed 
is an iterative algorithm that has a strong im-
munity to the noise. POSIT algorithm used the 
pinhole imaging camera model. The experi-
ment results demonstrate that the incident-ray-
based camera model using two parallel planes 
performs better than the pinhole imaging mod-
el. Sun algorithm does not take the initial val-
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Fig. 9. The camera calibration process.

1             2            3             4             5            6             7             8

0.25

0.20

0.15

0.10

0.05

0.00

R
al

at
iv

e 
er

ro
r

Noise level

Duan          POSIT         Sun          Our

Fig. 10. The comparison with POSIT algorithm  
using coplanar feature points, duan algorithm and 
sun algorithm based on the computer simulation  
experiments.

ues of camera calibration process into account. 
With the noise level increasing, a higher error 
appears.

2. Real Images Experiments
The distance between object and camera is lim-
ited by the depth of field. If the object is out of 
the range of the depth of field, the measurement 
accuracy is lower. If the object is in the range  
of the depth of field, the measurement accuracy 
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is little influenced by the distance between ob-
ject and camera. The target is fixed on rotation 
and translation stage. Then it rotates with the 
stage. The distance between the target and cam-
era is almost fixed. This could ensure that the 
object is in the depth of field of camera. The CCD 
camera is used to capture the images of the tar-
get. The measurement range is 0° − 35° in the 
three rotation degree of freedom respectively. 
The angle measurement experiments in the pa-
per are estimating one angle with the other two 
angles not changing (such as estimating the yaw 
angle with the pitch and roll angle remaining 
unchanged).

The coordinates of feature points in the tar-
get coordinate system is known. The world co-
ordinates of feature points are calculated ac-
cording to section 3. In order to verify the ac-
curacy performance of the presented algorithm, 
a comparison with POSIT algorithm using co-
planar feature points [15], duan algorithm [8] 
and sun algorithm [24] is made. The results are 
shown in Fig. 11. As illustrated in Fig. 11, our 
algorithm performs well on the estimation of 
rotation angle. It is obviously better in accuracy 
and stability than other algorithms. Duan algo-
rithm is a non-iterative algorithm and is sensi-
tive to the observation noise (caused by image 
processing). When measurement angle becomes 
larger, its RMS error becomes greater. Similar 
to POSIT, sun algorithm is not stable. This is 
because the observation noise has greater in-
fluence on scaled orthographic projection when 
rotation angle is greater. The incident-ray-based 
camera model using two parallel planes could 
resolve this problem. The errors of YAW, pitch 
and roll are not independent. The errors of yaw, 
pitch and roll influence each other and they con-
stitute the rotation matrix together as shown 
in (1). b is the YAW angle. β is the pitch angle. 

γ is the roll angle. When the target is rotated 
in all the axes, the solution of angles will use 
(13). As the errors of yaw, pitch and roll influ-
ence each other, the measurement errors may be  
promoted. 
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Fig. 11. The real image experiment results of rota-
tion angles.
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β α γ β γ β α γ β γ β α

 − 
 = − + 
 + − 

                  (13)

To further validate the accuracy of the pro-
posed algorithm, the real images experiment us-
ing a target board as shown in Fig. 12 was com-
pleted. There are many circular markers on the 
board. The four corner points marked in green 
are applied. 

Six images are captured. In each image, we 
calculate the world coordinates of point i, then 
the lengths dij between the points are recov-
ered. We also made a comparison with POSIT 
algorithm on the condition of coplanar feature  
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points [15], duan algorithm [8] and sun algo-
rithm [26]. The results in Fig. 13 are the mea-
surement errors. The measurement error is the 
absolute difference of the estimated length to the 
true length. The performance of our algorithm 
is obviously better than the other three algo-
rithms. This can be explained as both the POSIT 
and duan algorithms use the pinhole imaging 

Fig. 13. The comparison of length measurement errors.
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Fig. 12. The image of target board.

model. The experiment results demonstrate the 
superiority of the incident-ray-based camera 
model using two parallel planes proposed in this 
paper. In addition, although the sun algorithm 
can get better results than POSIT algorithm and 
duan algorithm, the calibration of camera model 
is done using the Levenberg-Marquardt algo-
rithm. This iterative algorithm requires a good 
enough initialization, and there is no provision 
for it. This leads to its lower accuracy than our 
algorithm.

5. CONCLUSION
In our study, we have proposed an accurate and 
robust algorithm that can globally solve the ob-
ject pose. Using two parallel planes, we perform 
the ray-pixel mapping. The projecting ray could 
be defined by its two intersections with the two 
parallel planes. In this way, the incident-ray-
based camera model is constructed. Based on 
this camera model, four coplanar feature points 
which form a trapezium are used to complete the 
pose estimation. In the pose estimation process, 
we consider the initial estimating of pose in 
this problem. According to the geometric char-
acteristics of feature points, initial estimating  
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of pose is refined during the iterative solving 
process and the object pose is finally obtained. 
Our algorithm has some advantages: (1) The pin-
hole imaging model causes low accuracy of pose 
estimation. The proposed incident-ray-based 
camera model could overcome this restriction. 
(2) The pose estimation algorithm consists of 
both non-iterative step and iterative step. The 
proposed algorithm is compared with the oth-
er three currently employed algorithms. Ex-
periment results demonstrate that the accuracy 
and stability of pose estimation are improved by 
our algorithm. The proposed algorithm could be 
used for the helmet tracking system. The pose 

measurement of helmet is obtained by captur-
ing four coplanar feature points installed on 
the moving helmet through the camera. In the 
next step of research, experiments will be im-
proved by increasing the number of feature 
points group on the same helmet to extend the 
measurement range of the helmet tracking  
system.

This research was supported by the Na- 
tional Natural Science Foundation of China  
(No. 51605332, No. 51905378).

This research was supported by the 
Natural Science Foundation of Tianjin, 
No.19JCQNJC04200, No.18JCQNJC73100.

REFERENCES 

1.	 Wang X., Cao Y., Zhou K. Methods of monocular pose measurement based on planar objects // Optics and 
Precision Engineering. 2017. V. 25(1). P. 274–280.

2.	 Gao F., Chen N., Fan Y. et al. Visual pose estimation method for rotor UAVs autonomous landing // Electron-
ics Optics & Control. 2017. № 2. P. 41–44.

3.	 Sun C., Xu Z., Wang D. Pose prediction method for moving helmet-mounted display and sight system // 
Journal of Electronic Measurement and Instrumentation. 2014. № 7. P. 724–729.

4.	 Lei J., Zeng L., Ye N. Research on industrial robot alignment technique with monocular vision // Optics and 
Precision Engineering. 2018. V. 26(3). P. 733–741.

5.	 Yang W., Lin J., Gao Y. et al. Pose measurement system of double shield universal compact // ACTA OPTICA 
SINICA. 2015. V. 35(11). P. 139–147.

6.	 Quan L., Lan Z. Linear n-point camera pose determination // IEEE Transactions on Pattern Analysis & 
Machine Intelligence. 1999. V. 21(8). P. 774–780.

7.	 Daniilidis K., Ansar A. Linear pose estimation from points or lines // IEEE Transactions on Pattern Analy-
sis & Machine Intelligence. 2003. V. 25(5). V. 578–589.

8.	 Duan F., Wu F., Hu Z. Pose determination and plane measurement using a trapezium // Pattern Recognition 
Letters. 2008. V. 29(3). P. 223–31.

9.	 Lepetit V., Moreno-Noguer F., Fua P. EPnP: An accurate O (n) solution to the PnP problem // International 
Journal of Computer Vision. 2009. V. 81(2). P. 155–166.

10.	 Hu Z., Lei C., Wu F. A short note on P4P problem // ACTA AUTOMATICA SINICA. 2001. V. 27(6). P. 770–776.
11.	 Zhang Z. A flexible new technique for camera calibration // IEEE Transactions on Pattern Analysis & Ma-

chine Intelligence. 2000. V. 22(11). P. 1330–1334.
12.	Zhang Z., Liu B., Jiang Y. A two-step pose estimation method based on four non-coplanar points // Optik – 

International Journal for Light and Electron Optics. 2015. V. 126(17). P. 1520–1526.
13.	 Zhang S., Ding Y., Hao K. et al. An efficient two-step solution for vision-based pose determination of a par-

allel manipulator // Robotics & Computer Integrated Manufacturing. 2012. V. 28(2). P. 182–189.
14.	 Chen P., Wang C. IEPnP：An iterative camera pose estimation algorithm based on EPnP // ACTA OPTICA 

SINICA. 2018. V. 38(4). P. 130–136.
15.	 Dementhon D., Davis L. Model-based object pose in 25 lines of code // International journal of computer  

vision. 1995. V. 15(1). P. 123–141.
16.	 Oberkampf D., DeMenthon D., Davis L. Iterative pose estimation using coplanar feature points // Computer 

Vision and Image Understanding. 1996. V. 63(3). P. 495–511.
17.	 Gramegna T., Venturino L., Cicirelli G. et al. Optimization of the POSIT algorithm for indoor autonomous 

navigation // Robotics & Autonomous Systems. 2004. V. 48(2). P. 145–162.
18.	 Sun C., Sun P., Wang P. An improvement of pose measurement method using global control points calibra-

tion // Plos One. 2015. V. 10(7). P. e0133905.
19.	 Zhang Z., Zhang S., Li Q. Robust and accurate vision-based pose estimation algorithm based on four copla-

nar feature points // Sensors. 2016. V. 16(12). P. 2173.



Том 88,  № 8  /Август 2021/  Оптический журнал66

20.	Zhu Z., Wang X., Liu Q., Zhang F. Camera calibration method based on optimal polarization angle // Optics 
and Lasers in Engineering. 2019. V. 112(1). P. 128–135.

21.	 Zhu Z., Wang S., Zhang H. et al. Camera projector system calibration method based on optimal polarization 
angle // Optical Engineering. 2020. V. 59(3). P. 035104.

22.	Ye J., Yu J. Ray geometry in non-pinhole cameras: a survey // Visual Computer. 2014. V. 30(1). P. 93–112.
23.	Miraldo P., Araujo H. Calibration of smooth camera models // IEEE Transactions on Pattern Analysis and 

Machine Intelligence. 2013. V. 35(9). P. 2091–2103.
24.	Miraldo P., Araujo H., Goncalves N. et al. Pose estimation for general cameras using lines // IEEE Transac-

tions on Systems, Man, and Cybernetics. 2015. V. 45(10). P. 2156–2164.
25.	Miraldo P., Araujo H. Pose estimation for non-central cameras using planes // Journal of Intelligent and 

Robotic Systems. 2015. V. 80(3). P. 595–608.
26.	Gennery D. Generalized camera calibration including fish-eye lenses // International Journal of Computer 

Vision. 2006. V. 68(3). P. 239–266.
27.	 Michael D., Shree K. The raxel imaging model and ray-based calibration // International Journal of Com-

puter Vision. 2005. V. 61(2). P. 119–137.
28.	Sun P., Sun C., Li W. et al. A new pose estimation algorithm using a perspective-ray-based scaled ortho-

graphic projection with iteration // Plos One. 2015. V. 10(7). P. e0134029.
29.	 Sun C., Dong H., Zhang B. et al. An orthogonal iteration pose estimation algorithm based on an incident ray 

tracking model // Measurement Science and Technology. 2018. V. 29(9). P. 095402.
30.	Guo X., Tang J., Li J., et al. Attitude measurement based on imaging ray tracking model and orthographic 

projection with iteration algorithm // ISA Transactions. 2019. V. 95. V. 379–391.


	_Hlk53177524
	OLE_LINK10
	OLE_LINK12
	MTBlankEqn
	_MON_1223712245
	_MON_1223751816
	_MON_1392740278
	_MON_1541172425
	_MON_1541184947
	_MON_1541432331
	_MON_1223660571
	_MON_1223661033
	_MON_1223666683
	_MON_1223666701
	OLE_LINK11

